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!— i Abstract. We discuss possible applications of the 1-D direct and 

^pj inverse scattering problem to design of universal quantum gates for 

■^>i ■ quantum computation. The potentials generating some universal 

gates are described. 

1. Introduction 

^t- : 

O ■ In this article we propose a theory of quantum scattering and notion 

of unitary scattering matrix to formulate quantum input-output rela- 
tions. This differs from standard approach to this subject in which the 
quantum gates for quantum computing are considered to be unitary 
time evolution operator for a given, fixed time and with the Hamilton- 
™ ! ian which describes the dynamics. 

Representation of quantum gates as scattering matrices (S-matrices) 
may have a physical realization. In present paper we study one-dimensional 
scattering problem in electro-magnetic field. Varying electro-magnetic 
q-i field and momentum of the electron we get a 1-parametric family of 

S-matrices. We prove that adjusting the electro-magnetic field we can 
deliver relevant 2-order and 4-order unitary matrix. It is well known 
that such matrices can be used as universal gates for quantum com- 
puting 0. 

Another type of a scattering problem emerges in two-level quantum 
systems controlled by electric pulse. By a time-dependent Hamiltonian 
we also achieve the representation of desired gates as scattering matri- 
ces. In both approaches we use well-known inverse problem solutions 
to construct quantum gates. 

Application of the quantum scattering process to quantum comput- 
ing was studied in the works j3], [T3], [H]. Articles [TU], [H] are devoted 
to the monodromic approach to the quantum computing. In these 
works we construct the set of universal gates by monodromy matrices 
of Fuchsian connections on holomorphic vector bundles, such approach 
corresponds to holonomies of connections in the holonomic quantum 
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computing ^2]; but holonomies do not depend on the path of inte- 
gration. Unlike the monodromy matrices the scattering matrices are 
encountered in physical experiments, moreover there exists a one-to- 
one correspondence between the monodromy and scattering matrices 
PP in one-dimensional case. In this article we describe potentials and 
corresponding S-matrices which generate the set of universal gates. 

The paper is organized as follows. In section 2 we discuss possible 
applications of the 1-D electron scattering in an electro-magnetic po- 
tential to the problem of design of universal quantum gates for quantum 
computation. Using methodology of the inverse scattering problem we 
construct genuine potentials to obtain some kind of universal gates as 
a scattering matrix. In section 3 we consider the electric field interact- 
ing with two-level (or four-level) quantum systems. Transitions from 
initial state to final state are used as gates. The well known inverse 
scattering problem procedure allows to obtain potentials that maintain 
some universal gates. Finally we consider some potentials which allow 
to compute S-matrix as monodromy of the corresponding Fuchsian sys- 
tem. 



2. Scattering on the line and universal gates 
Let us consider the stationary Schrodinger equation on the line 

d 2 

(1) tt^i) + {k 2 + Q(x))i/j(x) = 0, x e (-oo, oo) 
ax 1 

where Q(x) is a continuous potential function vanishing at infinity, i. e. 
Q(x) — > 0, as \x\ — > oo. 

Let f(x) be a solution of (JIJ which coincides with e~ lkx for x — * 
— oo. Its complex conjugate function Tp(x) also satisfies the equation 
(JTJ) which coincides with e lkx as x — » — oo. Moreover we denote by 
ip(x) and ip{x) the solution of (JTJ which coincides with e lkx and e~ %kx 
respectively as x — > oo. It is clear that there exists 2x2 matrix M(k) 
such that 

(2) { v {x),(p{x)) = ${x)^(x))M{k). 

It is known that M(k) e SU(1, 1) and this matrix is called mon- 
odromy matrix pp. The matrix M(k) can be represented as 

"<*> = ($) S$).w*)i , -w*)i , = i- 
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as an element of SU(1, 1). Therefore we have 






Thus (ip, if) = (if, tp)S(k), where S(k) = I a b f I . Similarly (if, ip) 



(if,ip)S(k), where S(k) = I } a b ) . The matrices S(k),S(k) are 

\ a a ' 

called [2], jS] the scattering matrices in various context. 

We will use the notations T(k) = 4^-, R(k) = 44 having an inter- 
pretation of transmission and reflection amplitudes respectively. The 
particle comes by left-to-right with impulse k > goes through the 
barrier with transmission probability |T(A;)| 2 and goes back with re- 
flection probability \R(k)\ 2 , then output will be e lkx + be~ lkx on left 
from the barrier, and ae lkx on the right from the barrier. 

We consider here only the case S(k). Such matrix is symmetric and 
unitary simultaneously (but it does not belong to SU(2) in general) 
and many interesting gates can be represented in such form. Let us 
consider the mapping 

r:SU(l,l)^U(2), (j 

The image of this mapping r(SU(l, 1)) is the subset of the matrix in 
U(2), which can be represented as scattering matrix. 

Remark 1. Let initial states be denoted by |0) = e tkx , |1) = e~ 4 ' ' 



we 



If the scattering matrix has the form H = 4= I J then 

obtain the states: (|0) + (1))^ and (|0) - |l))v^. 

Suppose that to write in quantum registers a natural number from 1 
to x an n-qubit is needed. We take n-th tensor product of Hadamard 
gates and obtain: 

(H ® ... ® H)\0) ® ... ® |0) = -^=if |0> (8) H\Q) ® ... <g> H\0) = 



2 n -l 



L(|0> + |l»®...®(|0> + |l» = -^X)|a ; ). 



2 n V2 r - 

If / : B n — * B n is a Boolean function, then it is well known that 
there exists a unitary operator Uf which computes all values of / in 



the following way: 



^/(i E m» = i E tf/(M» = i E !*>/(*)»■ 

" a;=0 x=0 " x=0 

On the other hand by well known results (see jH]) there exist unitary 
matrices L^ € t/(2) and C/4 G t/"(4) such that each unitary matrix from 
C/(2 n ) can be represented as a product of matrices I (g) ... (g L^ <g ... <g I 
and I (g ... (g [4 <g ... <g I. Such C/ 2 , C/4 are called universal gates. Our 
aim is to represent the universal gates as S-matrices. 

'11 
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Example 1. The so called Hadamard matrix H 
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V~2 



ca„ be represented a 8 r ( f ' 
haSa _ ntatfon ^ > » 



. Similarly the matrix 
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1 

1 
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Example 2. The complex numbers a = \/n 2 + 1, b = n define 

n \ 1 

Vn 2 + l 



yn 



1 



v^TT V l 
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00 this matrix approximates the universal gate NOT - 
.S lmUarly we Callappr o ximatemoreg e neralgate (j e ° > 



As n ■ 
1 
-1 / 
if we take a = \/n 2 + 1, b 



a y/n 2 + 1 a 



ne 1 ^' 2 . Indeed, we have 
6 



n 



Vr? + T 



J4> 



n 



a 



Vn? + 1 



and 



1 



Vri 2 +1 



1 e t0/2 



VriT+I 



v^+T 



Vn 2 +1 



1 

e i4} 



as n 



00. 



□ 
It is known that the Hadamard matrix H and controlled phase gate 

\0 e** j 



and controlled NOT cNOT 
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Remark 2. There exists a mapping SU(1, 1) — > SU(2) 

a b 



b a 



i_ a 
b 1 
a a 



which is used in some problems of differential geometry [B] but neither 
S nor S are generated by this mapping. 

Now we show why the universal gates can be constructed via a po- 
tential Q(x) and particle's momentum k. 

Scattering data of the equation (JTJ) are defined as a set S + = {R(k) = 
4-4, (kj, bjW =1 }, where R(k) is a meromorphic function in the upper 
half plane, kj = irjj,j = 1,...,N is the finite set of poles of R(k) 
and bj = -j^nrjH- From these scattering data S + we can recover the 

scattering matrix, i. e. its unknown element T{k) = -4^r in the following 

way 



or 



N 7 I • 2 

jYfc) = I I 'l e 2^iJR C-k-iO dC > 

*■ *■ k — Z77,- 

Since by the Plemelj formula c _l_ i0 = v-P-Tr^: + *tt^(C ~~ k) ( Al- 50p), 
then 

_ lDr( ^4 M1Hflwr)+ t lD ^-^ v .,/ M Mi f M)Q dC 

and finally we have 

T (k) = A/i-i^)i 2 n I3 - ex p(7 i - v -p-y R — ^ — d o 



T3(lc\2 cinno l/^_L^r)l — I Zr" — ^nl arm — tt t> / — L_ 



Evidently \T(k)\ = ^l-R(k) 2 , since |A;+^| = \k-irj\ and ^v.p. / R Hl ~^jf ){2) d( 

belongs to [0, 1]. Thus we obtain that the phase of T{k) is defined by 

the Hilbert transform of the function ln(l — R(Q\ 2 ). Suppose now the 

sets of numbers {fci, ..., kj^}, {a±, ..., a^} and {/3i, ..., (3^} are given and 

for simplicity assume kj > 0. One can find a continuous function 

f(k), k > such that /(%) = ctj and 7-,- = ~ / °° ^zr^C > Pj- Also we 

can choose a continuous #(&), A; < such that i /^ -j^%d( = f3j — 7,-. 



Thus the function 

1 J * , fc < o 



acquires the property 



1 f F(C) 



F(k,) = a J , - \ — ^_dC = /3. 



^ JK % — C 



.?• 



Using those relations for a given sequence kj,tj,rj,j = 1,..,N, such 
that |tj| 2 = \rj\ 2 we can construct a pair of functions (T(k), R(k)) such 
that T(kj) = tj, R(kj) = Tj, since for <x,- = £j,/3j = ln(l — \rj\ 2 ) we find 
F(k) and T(k) = ^v.p. J K ^re 6 ^ = ^j anc ^ further define R(k) by the 
equation \R(k)\ 2 = 1 - e" F W. 

The potential Q(x) can be recovered in the following way (see [2j). 
If 

N 

c(z) = -ij2w Vj + 7T- m^x, 

where jj = a , ( ? , , then Q is defined by the solution of the Gelfand- 
Levitan integral equation 

poo 

K(x,y) + C(x + y) + K(x,s)C(s + y)ds = 0, j/ > x 

J X 

&sQ{x)=2£K(x,x). 

Therefore we have proved 

Proposition 1. Let ki, k%, ..., k m be a sequence of pairwise distinct 
numbers and Si, S%, ■ ■■, 5 m be matrices from the set t(SU(1, 1)). Then 
there exists a potential Q(x) such that the corresponding scattering 
matrix satisfies the conditions S(ki) = Si, S^fe) = 5*2, ..., S(k m ) = S, 



m • 



Now consider a particle with spin moving on the line in presence of an 
electromagnetic field (E(x), B(x)), igK, where the electric field E(x) 
is directed along the line and magnetic field B(x) is directed across the 
line. 

Let A(x) be the potential of the magnetic field B(x) and Q(x) be 
the potential of the electric fields, i. e. A'(x) = B(x), Q'(x) = —E(x). 

The Schrodinger operator (as Hamiltonian) of such system has the 
form 

(3) H = -(-^ - A\x) + Q(x))I - B(x)<r 3 , 

dx z 

where I = ( \ J \ , and .3 = ( J ^ ) is third Pauli matrix. 
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Here for ifj(x) = ( ^¥l J e L 2 (R) ® C we have 

*,,/, _ _ f V4' (*) + (QC«0 + ^'C«0 - ^) 2 )V>i(^) 

W ' V ^(z) + (Q{x) ~ A'(x) - A{xf)^ 2 {x) 

Remark 3. Maybe it is more plausible to consider the behavior 
particle in the plane. In this case the potential of magnetic field is of 
the form a(x,y) = (oi(x, y), a 2 (x, y)) and in the gauge a\ = we can 
take a' 2 (x) = B(x) . Then Hamiltonian can be written as 

d 2 d 2 d 

If we take A(x) = a^ (x) and consider the wave functions independent 
on y- variable then we get the Hamiltonian (jBJ). 

If in advance we take two arbitrary potentials U(x) and V(x) then 
A(x) and Q(x) defined by relation 

A'(x) = l -{U{x) - V(x)), Q(x) = A 2 (x) + l(U(x) + V{x)) 

satisfy the equations 

Q{x) + A\x) - A 2 {x) = U(x), Q{x) - A\x) - A 2 {x) = V{x). 
Hence we have 

-mix) = *-Mx) + ( U{X) ° "i rb(x) = - ( HuMx) 

nnX) dx 2n ] + V V(x) J nx) ~ I HvMx) 



tt r\ 

operator for the Hamiltonian TC — I _ „ I has the form S 



By definition of the scattering operator it follows that the scattering 

lu 
H v 

„ c ) , where Su and SV are scattering operators for Hu and 

U by J 

H v respectively. 

Therefore on the fc 2 -energy level the scattering matrix of the system 
0, which is a 4 x 4-matrix, can be represented as 

«> s «« = ( S f } sAk) 

where Su{k) and Sy(k) are scattering matrices corresponding to the 
potentials of U and V respectively. Evidently they are 2 x 2-matrices 
fromr(SU(l,l)). 

Therefore it is proved 

Proposition 2. Let U(x) and V(x) be two arbitrary potentials. 
Then there exists a electro-magnetic potential (A(x),Q(x)) such that 

7 



the Hamiltonian of (jHJ) takes the form 7i 
& 



where Hi 



u 



H v 
H v 

—-j-2 — U(x) and Hy ~ -|^ — V(x). Moreover the scattering matrix 
for the stationary Schrodinger equation Tiifj = k 2 i(j can be represented 
as a matrix Q. 

As a corollary we get that 4 x 4-matrix from the example 2 

/100 0\ /1000\ 





1 
1 

\0 





i<f> 



and 



10 
1 
J \ 1 j 

can be represented as the scattering matrix of the system governed by 
Q. Moreover we can take the potential U(x) = in both cases and 
V(x) as indicated in example 1 and 2. 



3. Two-level system in electric field 

Let us consider behavior of a two-level system in an electric field. It 
can be described by the equation 



(5) 



.d 



A(t) 
Bit) 



C E(t) 



E(t) -C 



A(t) 
Bit) 



where A and B denote the amplitudes of first and second level respec- 
tively, E(t) is the complex envelope of the electric field and C is the 
difference between support frequency and proper frequency. The free 
Hamiltonian here is H = C03 and free dynamics is given by the unitary 



matrix e l< * t(73 



e -iCt 







,iC,t 



Let \l/(t) and <!>(£) be matrix solution of (0) with condition 



(6) 



e -Kt 







JCt 



, t — > 00 and $(t) 



e -<t 







p*C* 



-00 



respectively. They are unitary unimodular matrices, since 



C E(t) 
E(t) -C 

is a Hermitian traceless matrix. Thus the so called monodromy ma- 
trix M(C) = ^ _1 (t)$(t) belongs to SU{2) and can be represented as 

M(C) = ( 1$ "^ ) with |a(C)| 2 + |6(C)| a = I- 
Let U{t, r) be the fundamental matrix of (jSJ, i. e. 



U(t,t) 



I, i±U{t,T) 



C E(t) 



E(t) -C 



U{t,r), t>r. 



Evidently there exist matrices W^ and W^ such that \l/(t) = U(t, 0)Wq,, 
<&(£) = U(t, 0)W$. The relation (jUJ) can be rewritten as 

lim ^(t)*e" CiCT3 = I and lim $(£)* e - CfaT3 = I. 

t^oo t— >— oo 

On the other hand by definition of wave operators we have [7] 



Hence 



W±= lim Uit^ye'^ 3 . 



W+= lim U(t, Oye'^ 3 = lim W^(Z7(t, ^W^e-^ 3 

t—> — OO t— » — OO 

= lim W/ $ $(£)*e- c<CT3 = W*. 

t— >— oo 

Similarly V4 7 - = W 7 *. Thus we have 

s(o = w: 1 w + = w^w* 
= ^(t^ufaopfao)- 1 ®^) = ^(ty^it) = m(c) 

i.e. 

s(0 = M(0=(fV ~*g)), |o(C)| a + |6(C)| 2 = l- 

The function a(() is the boundary value of a holomorphic function on 
the upper half plane with zeros Q, ImQ > 0, j = 1, ..., N. For ( = Q 

there exists a solution x(t) of (jHJ) with condition x(t) ~ ( -^ t 

V e J 

t — > — oo, %(t) ~ I I dj, £ — > oo. The scattering data for the 

system (JHJ is the set {b((),Q>dj,j = 1,...,N}. The function o(C) is 
defined as 

_ l r ln(i-\b(c')\ 2 ) . fl j-f C — Ci 

o(C) = e ^ Jr c-c'-io dC JJ2 — «. 

The field £7(i) can be restored by scattering data as follows (see 0j); 
£?(£) = —2iK(t,t), where i^(t) = ( T , ),{ T , },{ ) is a solution of 
the Gelfand-Levitan integral matrix equation 

/oo 
K(t,s)F(z + s)dz, t<s 

with 

p <" = ( fI) T ) - F <" = s / R '<*>«** + 1 "**', 



6(C) dj 



r (C) = "777; m 



o(C)' J o'(Ci)' 

As in previous case we define the function 6(C) to obtain a desired 
scattering matrix S(Q. Hence we have 

Proposition 3. For the finite set of numbers {Ci, C2) ■••■> Cm} and 
matrices Si, S 2 , ■■■, S m from the set SU(2) there exists a potential Q(x) 
such that the corresponding scattering matrix satisfies the conditions 

'S'(Cl) = Sx, S(^2) = S2, •••, S[Cm) — Sm- 

In particular cases we can construct the matrices of example 1 up to 

a constant: iH = -4= I J , and e~ %tp l 2 I „ iip 

Now we suppose that electric field acts on the pair of 2-level particles 
performing dipole-dipole interaction between dipolar particle states. 
We assume that the dipoles are oriented along electric fields and there- 
fore the hamiltonian of the two-particle system is presented as 7iA B {E(t), $ab) 
[T5| . where 

'HabIx, y) = {H A + xd A ) <S> I + I ® (H B + xd B ) + yd A ® d B 
and 



W? \ ; / d, 

W c ) dc= ~( d c 



Hc=\ + "r: rf c = j "° C = AB 



c 



H A B{E{t),y) 



In the case of $ab = y the Hamiltonian can be rewritten as 4 x 4 
matrix 

( W£ + W* d A E{t) d A E{t) yd A d B \ 

d_ A E(t) W^ + W B yd A d B d B E{t) 

d A E{t) yd A d B W^ + W^ d B E(t) 

\ yd A d B d B E(t) d B E{t) W^ + W B J 

Proposition 4. Let dA,d B ,W+,W+,W^,W B be arbitrary complex 
numbers. Then there exists a continuous electric pulse E(t) and inter- 
acting potential $ab(£) vanishing at infinity and such that the corre- 
sponding scattering matrix does not belong in 577(2) ® SU{2) i. e. it 
is entangled operator. 

Proof. It is easy to see that the hamiltonian dA®d B is not represented 
as a matrix M ®> I + I ® N for some M, N e su(2). Hence the matrix 

(7) 
F(T) = exp{iTH AB (0, 0)}exp{-2iTH AB (x, y)}exp{iTH AB (0, 0)} 

for some T and y 7^ can not be represented as an element of 577(2) ® 
577(2), as 

^'(0) = #W0, 0) - 2i^ B (x, y) + iH AB {0, 0) 
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also cannot be represented as a matrix M®I + I®N for some M, N G 
su(2). It is easy to see that the S-matrix of the system 

ijY(t) = H AB (E(t),<S> AB (t))Y(t) 

for the electric pulse E(t) = xh-T,T}{t) and $ab(£) = y^[~T,T](t) coin- 
cides with matrix of (|7j). 

Since SU{2) ® SU{2) is a closed subset of U(4), for sufficiently small 
nonzero x the matrix ((7j) also is an entangled one, i. e. does not belong 
to SU(2) £5 SU{2), thus each continuous pulse E £ {t) $ab, £ (£) close 
enough to E(t), $ab(£) also generates an entangled operator. □ 

This proposition and results of [5] allow us to tune the electric pulse 
to construct a system of universal gates. 

4. MONODROMY OF FUCHSIAN SYSTEMS AND THE S-MATRIX 

Let {si, ..., s n } be complex numbers on C and Si ^ Sj, i ^ j. Consider 
the Fuchsian system 

(8) df = uf, 

where a; is a meromorphic 1-form on C 



Z — S\ Z — S2 Z — Sn y 

and Aj, j = 1, ..., n are constant 2 x 2-matrices. Let (fi, ^2) be solutions 
of (jS} in the neighborhood of z G C \ {si, ..., s n } and 71, ...,7„ be the 
generators of 7Ti(C\{si, ..., s n }, z ). After the extension of (/1, f 2 ) along 
the 7j- we obtain other solutions (/f , /g) °f © and (/1, / 2 ) = Mj(f(, fy), 
where Mj, j = 1, ...,n are monodromy matrices. Conversely, for fixed 
data (si, ..., s n ,Mi, ...,M n ) there exists a Fuchsian system (jHJ) with 
given singular points Sj, j = l,...,n and monodromy matrices Mj, 
j = l,...,n. We take monodromy matrices from SU(2) and consider 
them as scattering matrices. The singular points S\, ..., s n are consid- 
ered as sources of energy and uj is the gauge potential induced from 
the given data (si, ..., s n , Mi, ..., M n ). 

Now we intend to show how the S-matrix of the system may be ex- 
pressed as a monodromy matrix of the corresponding Fushian system. 
First we recall that two differential equations i4:ijji(i) = TCi(t)ipi(t) 
and ijjj.ip2(t) = T~i2(t)ip2(t) are called gauge equivalent if there exists 
a different iable 1-parameter family of invertible matrices such that 
U 2 (t) = iU'i^Uit)- 1 + U(t)Hi{t)U(t)- x . It is easy to see that if ^i(t) 
is a solution of the first equation then fait) = U(t)fa(t) is the solution 
of the second equation. By this definition the Schrodinger equation of 

11 



type i-^ifj (t) = (Ho + V(t))ip (t) is gauge equivalent to the so-called 
interacting representation i-^ipi(t) — Vi(t)4>i('t) y i a 1-parameter family 
U(t) = e itH \ where V x (t) = e im °V(t)e- ltn " . 

Now we consider a field of type E(t)e~ lujt . Then the system © 
recasts 

d ( A(t) \ _ ( E{t)e-*« \ ( A(t) 

(9) l Jt \ B(t) )-&*+{ E(t)e^ ) { Bit) 

Since 

e i<:t \ / e~ iut \ ( e~ iCt \ / e - i( ^ 2C)< 



e- Ki ) \ e iuJt J \ e Kt ) " \ d^t-X) 

the interacting representation of the system (jHJ) takes the form 

Let $(£, r) denote the fundamental matrix of (fTTH) . Then the S-matrix 
of the system can be represented as 

(11) S(0= lim $(t,r). 

£ — » +oo, 

T — ► — OO 

In the particular case of analyticity of the function E(t) the S-matrix 
coincides with the monodromy matrix of the corresponding Fushian 
system 



Example 3. Consider the case u = 2£, E(t, a, b) 

a,b 61 By the equality a x = Ha z H~ l the system (HUD 



2ab 

t 2 +a 2 



t-\-ia t—ia 

is gauge equivalent to 



. d T , . 2afr _ , . 



dt w £ 2 + a 
The solution of the last equation is 



exp(-ibf^) 

exp(i&f t , +a 



tf(t) = f * M- --.I -JT^ 



2adt 



q i r zadt ■ 

and thanks to the formula (fTTj) the S-matrix is e J « T +^ 3 = e~ 3 . 
Since $(z) = if\l/(z), one has 

(2wbit n \ 

Now extend the range of the variable t to the complex plane C and 
compute the monodromy matrix of the so obtained Fuchsian system. 

12 



The system (JTUJ) looks as follows 



. d 2aba t 



where <j\ — I - „ J . By the equation cti = Ha^H 1 this system is 



gauge equivalent to 

The line Imw = on the Riemann sphere -Pi(C) D C becomes a loop. 
In order to express this loop explicitly we make change of coordinate 
z = —3T) which is a holomorphic map -Pi(C) — » -Pi(C) with inverse 
it; = i + i. This mapping carries the 1-form -^r^dw to the 1-form 



2ab 



rdz. In view of 



a 2 z 2 +(iz+l) 2 ' 

2ab ib ib 



a?z 2 + (iz + l) 2 -2 — ^1 - 2 +^ ± T 
we get the Fushian system 

which has the solution 

exp('6/-^--6/-j r v) 

expf-t/^V + b/ 

V z o+l 



¥(* 



</z 



In new coordinates the line w = t becomes the curve z = -rU 



t 



t-i — 1+t 2 



ijTfi, which is circle 7 : x 2 + {y — |) 2 = |. The poles of system ()12|) -^- 
and yz^ he inside and outside of the circle respectively. Hence we can 
consider the circle 7 as loop around pole -^-^ and monodromy matrix 
of (fT2j) coincides to S-matrix given by (fTTj) Since for solution of (fT2j) is 
$(z) = H^f(z) = H~ 1 ^(z), one has 

(„2nbi n \ 

D 
If £(£) = V |g% then 5(C) = n Mh k ), where 7 fc is a loop around 

t +a k 

j^- and M(7fc) is the corresponding monodromy matrix. 

13 



Example 4. If we consider the field E{t) = f2 ~_ a2 , the integral 

J^oo l?+a? ex ^ s only in the sense of principal value. Extending the 
field in the complex plane, after change of variable we obtain 

Hence the complementary pole z = appears, which lies in 7. We pass 
to a gauge equivalent differential equation of type 

d T / \ (bi b 2 b 3 \ i i 

dz \z z — p z — qj 1 + a I — a 

for some bi, b 2 , 63 G C. The monodromy matrix of such system around 
7 is the matrix 



g^7 \ z z — p z — q J (J 

_ P (h^ + ±= 

Q g J"/\ z z — p z — q 



r ('il + j2_ + _63_\ dz 

J7\ z z — p z — q / 



which contains a Cauchy type integral v. p. J —dz. Since lies on 7 
and p lies inside 7, this matrix is equal to 

/ exp(i7r&i + 2mb 2 ) \ ,. ,, , , ^ 

n ^ ■ ?, o -u \ — exp(z7r(6i + 2b 2 )a 3 ). 

\ exp(— z7roi — Li\ib 2 ) j y y ' ' 

Hence the system ()13|) has the monodromy matrix exp(i7r(6i + 2b 2 )ai) 
similarly to the previous example. 

Remark 4. In the case of u 7^ 2£ the more complicated irregular 
singularities emerge. We intend to study them in subsequent works. 
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